Abstract An investigation of classical fields with fractional derivatives is presented using the fractional Hamiltonian formulation. The fractional Hamilton's equations are obtained for two classical field examples. The formulation presented and the resulting equations are very similar to those appearing in classical field theory.
started in 1695 when Leibniz presented his analysis of the derivative of order 1/2. Then it is developed mainly as a theoretical aspect of mathematics, being considered by some of the great names in mathematics such as Euler, Lagrange, and Fourier, among many others.
This branch of mathematics has experienced a revival of interest and has been used in very diverse topics such as fractal theory [1] , viscoelasticy [2] , electrodynamics [3, 4] , optics [5, 6] , and thermodynamics [7] . The literature of fractional calculus started with Leibniz and today is growing rapidly [8] [9] [10] [11] [12] [13] [14] .
Fractional derivatives have played a significant role in physics, mathematics, engineering, and pure and applied mathematics in recent years [14] [15] [16] [17] [18] [19] [20] . Several attempts have been made to include non conservative forces in the Lagrangian and the Hamiltonian mechanics. Riewe [20, 21] presented a new approach to mechanics that allows one to obtain the equations for non conservative systems using fractional derivatives.
In a previous work, we [22] derived Maxwell's equations for the electromagnetic field using the variation principle in which the independent variables are the electric and magnetic fields.
For a given Lagrangian density we observed that both fractional Euler-Lagrange equations and fractional Hamilton's equations of motion lead to the same results. The classical results (Maxwell's equations) are obtained as a particular case of the fractional formulation.
We [23] quantized the free electromagnetic Lagrangian density in both radiation (Coulomb) gauge and Lorentz gauge. For the two cases, we obtained the Hamiltonian in terms of vector potential and also in terms of creation and annihilation operators, then we constructed the fractional canonical commutation relations. We have shown that the two gauges yield the same results, since the Hamiltonian reduces into a sum of uncoupled harmonic oscillator Hamiltonian for two cases.
Recently, Eqab et al. [24] constructed the Hamiltonian formulation of discrete and continuous fields in terms of fractional derivatives. The fractional Hamiltonian is not uniquely defined; it seems that there are several choices of fractional Hamiltonian giving the same classical limit, i.e., the same classical Hamiltonian. This present paper is a generalization of the above work on Hamilton's equations for classical fields with Riemann-Liouville fractional derivatives.
This paper is organized as follows: In Sect. 2, the definitions of fractional derivatives are discussed briefly. In Sect. 3, the fractional form of EulerLagrangian equation in terms of functional derivative of the full Lagrangian is presented. In Sect. 4, the fractional form of Euler-Lagrange equation in terms of momentum density is investigated. Section 5 is devoted to the equations of motion in terms of Hamiltonian density in fractional form. In Sect. 6, we introduce two examples of classical fields leading to Schrödinger equation and Dirac equation in fractional derivative forms. The work closes with some concluding remarks (Sect. 7).
Definitions of fractional derivatives
In this section two different definitions of the fractional derivatives (left and right Riemann-Liouville fractional derivatives) are discussed. These definitions are used in the Hamiltonian formulation and the solution of examples leading to the equations of motion of the fractional order.
The left Riemann-Liouville fractional derivative (LRLFD) reads as [25] :
The right Riemann-Liouville fractional derivative (RRLFD) reads as [25] :
Here α is the order of the derivative such that n − 1 ≤ α ≤ n and is not equal to zero. If α is an integer, these derivatives are defined in the usual sense, i.e.,
3 Fractional form of Euler-Lagrangian equation in terms of functional derivative of the full Lagrangian L We start our formalism by taking the Lagrangian density to be a function of field amplitude ψ and its fractional derivatives with respect to space and time as:
Euler-Lagrange equation for such Lagrangian density in fractional form can be given as [26] :
Now we can write the full Lagrangian L as:
Using the variational principle, we can write:
Using Eq. (4), the variation of is:
Substituting Eq. (8) into Eq. (7), and using the following commutation relation,
we get,
Integrating by parts the second and the third terms in Eq. (10) with respect to space, we get:
Now, we can take the integration over space dτ in the previous equation and convert it into summation, thus:
We can write Eq. (12) in terms of Lagrangian density as:
Here the left hand side in Eqs. (12) and (13) [27] .
Using Eq. (12), and note that the left hand side represents δL, we get:
Now, using Eqs. (15a), (15b), (15c) we can rewrite Eq. (5) Euler-Lagrange equation in terms of the full Lagrangian L using functional derivative in fractional form:
It is worth mentioning that for α, β → 1, Eq. (16) reduces to the usual Euler-Lagrange equation for the classical fields [27] . With the help of Eqs. (12) and (16) 
Fractional form of Euler-Lagrange equation in terms of momentum density
The right side fractional form of momentum can be written as [27] :
Using Eqs. (12) and (15b) we get:
From Eq. (18b), we can define the right side form of momentum density π α as:
Now, taking the left fractional derivative for Eq. (19), one gets:
Repeating same steps above for left side fractional form of momentum density π β , we get:
Now, taking the right fractional derivative for Eq. (21), one gets:
Now, substituting Eqs. (20) and (22) into Eq. (16), we get:
The above equation represents the fractional form of Euler-Lagrange equation in terms of momentum density and the functional derivative of full Lagrangian.
Equations of motion in terms of Hamiltonian density in fractional form
We start by the general definition of the Hamiltonian density h in fractional form as:
Full Hamiltonian H can be also written in terms of Hamiltonian density h as:
Substituting Eqs. (24) into Eq. (25), one gets:
In continuous form, we can write Eq. (26) as follows:
Taking the variation of H , using Eqs. (17) and (23) 
Comparing Eq. (29) with Eq. (28), we get the separate equations of motion in terms of full Hamiltonian as:
By analogy with Eq. (15a) for functional derivative of full Lagrangian in terms of fractional derivative of Lagrangian density, we can simply define the functional derivative of H in terms of fractional derivative of Hamiltonian density with respect to the general variable field φ as [27] :
Using the definition given in Eq. (31) above, we can rewrite equations of motion (i.e. Eqs. (30a), (30b)) in terms of Hamiltonian density such that:
In many cases, we take π β = 0 because we define (in the Lagrangian density and the Hamiltonian density) the time derivative in the right side as a D α t ψ , so that
Therefore take π β = 0, and π * β = 0.
Case 2 π α depends on (ψ , or ψ * ) and π * α depends on (ψ, or ψ * ); so that we take the variation just only for independent variables ψ , and ψ * . Thus Eq. (31) can be written as:
To state the equations of motion from Eq. (29), let us define π α and π * α in a general case π α = g(ψ, ψ * ) and π * α = f (ψ, ψ * ). So that, we can write their variations as:
Now, substituting Eqs. (34) and (35) 
Examples
In this section, we study two examples as applications on the formalism presented above.
Example 1 (Schrödinger Equation)
Lagrangian density in fractional form:
Applying Euler-Lagrange equation (Eq. (5)) with respect to ψ * , we get:
Now we want to derive Eq. (39) using the Hamiltonian density equations of motion. First we determine π α , π * α , π β and π * β using Eqs. (19) and (21):
(40)
Then, using Eq. (24), the Hamiltonian density can be written as:
Now, because π α and π * α are variables dependent of ψ * , and ψ, respectively, we have to use equations of motion for case 2. Applying Eq. (37), we get:
The above equation is exactly the same as the equation that has been derived by Euler-Lagrange (Eq. (39)) in fractional form.
If α = β = 1, then Eq. (39) and Eq. (43) become:
This is the known Schrödinger equation. If we do not consider the dependency of π α and π * α on ψ * , and ψ , respectively, and apply Eq. (32b) in case 1, then we get:
If α = β = 1, then Eq. (45) becomes: 
Conclusion
We constructed the Hamiltonian formulation of continuous field systems. Our results are the same as those derived by using the formulation of Euler-Lagrange. Two cases are considered: the conjugate momenta are field dependent or field independent. As special cases, for derivatives of integer orders only, the results of the equations of motion are found in agreement with the Lagrangian formulation of continuous systems.
